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The facets of the spanning trees polytope
Brahim Chaourar
1 Imam University, Riyadh, Saudi Arabia
Let G = (V,E) be an undirected graph. The spanning trees polytope P (G) is the convex hull of all spanning trees
of G. In this paper, we describe all facets of P (G) as a consequence of the facets of the bases polytope of a matroid.
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1 Introduction
Sets and their characteristic vectors will not be distinguished. We refer to Bondy and Murty (2008), Oxley
(1992) and Schrijver (2004), respectively, about graphs, matroids, and polyhedra terminology and facts.
Let M be a matroid defined on a finite set E. B(M), M∗, r, r∗, and P (M) are, respectively, the class
of bases, the dual matroid, the rank and the dual rank functions, and the bases polytope of M . Suppose
thatM (andM∗) is 2-connected. A subset L ⊂ E is called a locked subset ofM ifM |L andM∗|(E\L)
are 2-connected, and their corresponding ranks are at least 2, i.e., min{r(L), r∗(E\L)} ≥ 2. It is not
difficult to see that if L is locked then both L and E\L are closed, respectively, in M and M∗ (That is
why we call it locked). For a disconnected matroid M , locked subsets are unions of locked subsets in
the connected components ofM . Locked subsets were introduced by Chaourar (2002, 2008, 2011, 2017,
2018) to solve many combinatorial problems in matroids.
By analogy, P (G) = P (M(G)) is the spanning trees polytope, i.e., the convex hull of all spanning trees
of G, where M(G) is the graphical matroid of G. A locked subgraph H of G is a subgraph for which
E(H) is a locked subset ofM(G).
In this paper, we give a minimal description of P (G) in means of graph theory.
Schrijver (2004) claimed (page 862, discussion after Corollary 50.7d), and referring to a result of Gro¨tschel
(1977), that the nontrivial facets of P (G) are described by induced and 2-connected subgraphs as for the
forests polytope, i.e., the convex hull of all forests of G (a minimal description of the forests polytope
was done by Pulleyblank (1989) as the set of all x ∈ RE satisfying: x(e) ≥ 0 for any edge e, and
x(E(U)) ≤ |U | − 1 for any U ⊆ E inducing a 2-connected subgraph with |U | ≥ 2). In this paper, we
show that some further assumptions are needed (see Theorem 2.3). Next, we present a counterexample to
Schrijver’s claim.
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LetC be the cycle bcefb,L1 = {ab, af}, andL2 = {dc, de}. It is not difficult to see that the subgraphs
G(C ∪ Li), i = 1, 2, are locked (see Theorem 2.3 hereinbelow). In the other hand, for x ∈ P (G),
x(C) = x(C ∪L1) + x(C ∪L2)− x(E) ≤ |V (C ∪L1)|+ |V (C ∪L2)| − (|V | − 1) = 4+ 4− 5 = 3 =
|V (C)|− 1. So the constraint x(C) ≤ |V (C)|− 1 is redundant even if C induces a 2-connected subgraph
and |V (C)| = 4 ≥ 2.
Note that this idea happened because it was thought that facets of the forests polytope are kept for one of
its faces which is P (G).
The remainder of the paper is organized as follows: in section 2, we give a minimal description of P (G),
then we conclude in section 3.
2 Facets of the spanning trees polytope
A minimal description of P (M) has been given independently by Fujishige (1984), Feichtner and Sturm-
fels (2005), and Chaourar (2018) as follows.
Theorem 2.1 A minimal description of P (M) is the set of all x ∈ RE satisfying the following con-
straints:
x(P ) ≤ 1 for any parallel closure P ⊆ E (1)
x(S) ≥ |S| − –1 for any coparallel closure S ⊆ E (2)
x(L) ≤ r(L) for any locked subset L ⊆ E (3)
x(E) = r(E) (4)
For the graphical case, a parallel closure is a set of all parallel edges to one fixed edge plus this edge,
i.e., a maximal set of edges having the same endpoints, and a coparallel closure is a series closure, i.e., a
maximal set of edges forming a simple path for which all involved vertices except its two terminals have
degree 2. It remains to translate lockdness in graphical terms.
For an induced subgraphH of G, H = (V (E\E(H)), E\E(H)) is called the complementary subgraph
ofH inG. We say thatH is connected inG(V \V (H)) ifH is connected inG and removing V (H) keeps
the subgraph (V (H)\V (H), E(H) ∩ E(V \V (H))) connected. Moreover, for any F ⊆ E,H ∪ F is the
subgraph (V (H) ∪ V (F ), E(H) ∪ F ).
We use the following notations. n = |V |, m = |E|, nH = |V (H)|, andmH = |E(H)|.
First, we prove the following lemma.
Lemma 2.2 LetH be a 2-connected subgraph ofG, and {L1, L2} be a partition ofE(H) such thatG(Li)
is connected, i = 1, 2. ThenH is connected in G(V \V (H)) if and only if nH + n < nH∪L1 + nH∪L2 .
Proof:
nH + n < nH∪L1 + nH∪L2
⇐⇒ nH+nH+|V (H)|−|V (H)∩V (H)| < nH+nL1−|V (H)∩V (L1)|+nH+nL2−|V (H)∩V (L2)|
⇐⇒ 2nH + |V (H)| − |V (H) ∩ V (H)| < 2nH + nL1 + nL2 − |V (H) ∩ V (L1)| − |V (H) ∩ V (L2)|
⇐⇒ 2nH+ |V (H)|−|V (H)∩V (H)| < 2nH+nL1+nL2−|V (H)∩V (H)|−|V (H)∩V (L1)∩V (L2)|
⇐⇒ |V (H)| < nL1 + nL2 − |V (H) ∩ V (L1) ∩ V (L2)|
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⇐⇒ nL1 + nL2 − |V (L1) ∩ V (L2)| < nL1 + nL2 − |V (H) ∩ V (L1) ∩ V (L2)|
⇐⇒ |V (L1) ∩ V (L2)| > |V (H) ∩ V (L1) ∩ V (L2)|
⇐⇒ |V (L1) ∩ V (L2)| ≥ |V (H) ∩ V (L1) ∩ V (L2)|+ 1
which means thatH is connected in G(V \V (H)). ✷
Now we can characterize locked subgraphs by means of graphs terminology.
Theorem 2.3 H is a locked subgraph ofG if and only ifH is an induced and 2-connected subgraph such
that 3 ≤ nH ≤ n− 1, andH is a connected subgraph in G(V \V (H)).
Proof: Without loss of generality, we can suppose that G is 2-connected.
It is not difficult to see thatM(H) is closed and 2-connected inM(G) if and only ifH is an induced and
2-connected subgraph of G.
Now, suppose thatE(H) is closed and 2-connected, andE(H) is 2-connected in the dual matroidM∗(G).
Let {L1, L2} be a partition of E(H) such that G(Li) is connected, i = 1, 2. It follows that r
∗(E(H)) <
r∗(L1)+r
∗(L2), i.e., |E(H |−r(E)+r(E(H)) < |L1|+|L2|−2r(E)+r(E(H∪L1)|+r(E(H∪L2)|. In
other words, r(E(H))+r(E) < r(E(H)∪L1)+r(E(H)∪L2), which is equivalent to: nH−1+n−1 <
nH∪L1 − 1 + nH∪L2 − 1, i.e.,H is connected in G(V \V (H)) according to the previous lemma.
Let check the condition: min{r(E(H)), r∗(E(H))} ≥ 2. Since r(E(H)) = nH − 1 then we have
r(E(H)) ≥ 2 if and only if nH ≥ 3. Moreover, r
∗(E(H)) = m
H
+r(E(H))−r(E) = m
H
+nH−n then
we have r∗(E(H)) ≥ 2 if and only if nH ≥ 2+n−mH , i.e., |V (H)∩V (H)| ≥ 2+nH−mH (inequality
(*)). But, if G is 2-connected and H is connected, either |V (H) ∩ V (H)| ≥ 3, or |V (H) ∩ V (H)| = 2
and n
H
≤ m
H
. In both cases, the inequality (*) is verified and we do not need to mention it.
Furthermore, M(H) is closed and distinct from E, i.e., r(E(H)) ≤ r(E) − 1, which is equivalent to:
nH ≤ n− 1. ✷
So the consequence for the spanning tree polytope is:
Corollary 2.4 Aminimal description ofP (G) is the set of all x ∈ RE satisfying the following constraints:
x(P ) ≤ 1 for any parallel closure P of G (5)
x(S) ≥ |S| − –1 for any series closure S of G (6)
x(E(H)) ≤ nH − 1 for any locked subgraph H of G (7)
x(E) = n− 1 (8)
3 Conclusion
We have described all facets of P (G) correcting a well-known idea about nontrivial ones of them.
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